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Ef� cient Newton–Krylov Solver for Aerodynamic Computations

Alberto Pueyo¤ and David W. Zingg†

University of Toronto, Downsview, Ontario M3H 5T6, Canada

An ef� cient inexact Newton–Krylov algorithm is presented for the computation of steady two-dimensional
aerodynamic � ows. The algorithm uses the preconditioned, restarted generalized minimal residual method in
matrix-free form to solve the linear system arising at each Newton iteration. The preconditioner is formed using
a block-� ll incomplete lower–upper factorization of an approximate Jacobian matrix with two levels of � ll after
applying the reverse Cuthill–McKee reordering. The algorithm has been successfully applied to a wide range of test
cases, which include inviscid, laminar, and turbulent aerodynamic � ows. In all cases, convergence of the residual
to 10 ¡ 12 is achieved with a computing cost equivalent to fewer than 1000 function evaluations. The matrix-free
inexact Newton–Krylov algorithm is shown to converge faster and more reliably than an approximate Newton
algorithm and an approximately factored multigrid algorithm.

Introduction

M UCH of the effort in the developmentof ef� cient solvers for
aerodynamic computations is currently concentrated on the

use of the multigrid technique. References 1–3 give a good indica-
tion of the state of the art. In all three papers, full approximation
storagemultigrid is used,drivenby either an approximatelyfactored
implicit algorithm1 or an explicit multistage method.2;3 Although
multigrid techniques can be very effective, especially with the im-
provements described in Refs. 1–3, optimal convergencerates have
proven elusive for the types of grids required for high-Reynolds-
number turbulent � ows, which have cells with very high aspect
ratios.

This has prompted several researchers to develop quasi-Newton
methods, e.g., Refs. 4–14. Quasi-Newton methods can be classi-
� ed as inexact Newton methods or approximate Newton methods.
In an inexact-Newton method, the large linear system arising at
each Newton step is solved approximately,using an iterative solver.
Hence, there are two levels of iteration, the Newton, or outer, itera-
tions and the inner iterations required to solve the linear system at
each Newton iteration.In an approximateNewton method, the func-
tional Jacobian matrix is simpli� ed, thus producingan approximate
linearization.The linear system is again solved iteratively.

Within the framework of an inexact Newton solver, there are
various strategies that can be adopted and various parameters that
must be carefully selected.Some of the importantcomponentsof an
inexact Newton solver include 1) a strategy for choosing the degree
of convergenceof the inner iterations,2) an iterativesolverfor linear
systems, 3) a technique for preconditioning the linear system, 4) a
method for reordering the unknowns, and 5) a strategy for dealing
with the large initial transients in highly nonlinear problems. The
choices made can signi� cantly impact the ef� ciency of the solver,
including its speed and memory use.

We present the development and optimization of an inexact
Newton solver using the generalized minimal residual algorithm
(GMRES) developed by Saad and Schultz15 as the iterative solver
for the linear system. A matrix-free approach is used to form the
matrix-vectorproducts required by GMRES. Issues such as optimal
choices of preconditioningstrategy, ordering of the unknowns, and
tolerance level at each Newton step for speci� c problem classes are
addressed.The solver,which is known as PROBE, is evaluatedfor a
wide range of � ows over two-dimensionalairfoils and compared to
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other ef� cient implicit solvers. The objective is to demonstrate that
the present solver is both ef� cient and robust and, thus, provides a
promising alternative to solvers currently in use.

In comparing different algorithms, quantities such as the con-
vergence rate or the number of iterations (or multigrid cycles) for
a given reduction in the residual can be misleading. The relevant
quantity for comparison is the CPU time required for a given level
of convergence.Because this is dependent on the computer and the
compiler used, we normalize the CPU time by the cost of a sin-
gle evaluationof the functional or right-hand side. Shortcomingsof
this choice are that it tends to favor expensive � ux evaluationmeth-
ods (overhead appears smaller) and there is some arbitrarinessas to
what is included in a function evaluation. For example, local time
stepping and the circulationcorrection are optional. We include the
following in de� ning the cost of one function evaluation: all � ux
derivative evaluations, the pressure � eld update, the computation
of the arti� cial dissipation, the computation of the molecular and
turbulent viscosity,and the right-hand-sideterms at the boundaries.
It is also important to note that the memory bandwidth, which may
differ substantially from one computer to another, can have an im-
portant effect on the relative cost of an inner iteration to a function
evaluation because not all of the operations are equally affected
by the speed of the access to memory. Nevertheless, the number
of function evaluations required for convergence remains a useful
standard for comparison. All cases presented here were run on a
Pentium Pro 180.

Algorithm Description
Spatial Discretization

The spatial discretization is the same as that used in the well-
known solver ARC2D.16 It consists of second-order centered-dif-
ferenceoperatorswith second-and fourth-differencescalar arti� cial
dissipation. A far-� eld circulation correction is also included. The
Baldwin–Lomax algebraic model17 is used for turbulent � ows. The
steady-state solutions of PROBE, thus, are identical to those com-
puted using ARC2D. Grids with a C topology are used in all of our
calculations.

Inexact Newton Solver
The spatial discretizationleads to a nonlinearsystemof equations

in the form
F .Q/ D 0 .1/

where Q containstheconservative� ow variablesat everynodein the
mesh. An inexact Newton method is a generalization of Newton’s
method, where, at each step k, we try to � nd 1Qk such that

kF.Qk / C A.Qk /1Qk k · ´k kF.Qk/k .2/

where A is an exact linearizationof F.Q/ given by

A D ¡ @ F.Q/

@Q
.3/
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which implies � nding a 1Qk such that the initial residual F.Qk/ is
reduced by a factor of ´k . If ´k D 0, we recover Newton’s method.
The local convergence of the inexact Newton method is controlled
by ´k . Strategies for choosinga sequenceof´k leadingto an ef� cient
rate of convergenceof the inexactNewton method will be discussed
in a later section.

Linear Iterative Solver
There are several effective iterative solvers for nonsymmetric lin-

ear systems available, as reviewed by Dutto.18 It is very dif� cult
to establish general rules about which one is the best method. This
dependson the particularproblemone is attemptingto solve.Never-
theless,for the typeofsystemsarisingin computational� uiddynam-
ics applications,preconditionedKrylov methods have shown better
convergence properties than classical stationary methods such as
Jacobi, Gauss–Seidel, or successive overrelaxation(SOR). Among
Krylov solvers, GMRES is the most popular one, often being faster
than other Krylov solvers. We have not done a systematic study of
differentKrylov solvers, but in a few tests comparingGMRES with
stabilized biconjugate gradient (bi-CGSTAB) and conjugate gradi-
ent squared (CGS), we found GMRES faster for our applications.

GMRES has the property of minimizing, at every step, the norm
of the residual vector over a Krylov subspace of the form K k D
spanfv1; Av1; A2v1; : : : ; Ak ¡ 1v1g, where v1 D r0=kr0k and r0 is the
initial residual given by r0 D b ¡ AQ0 . The storage requirementsof
GMRES increase linearly and the CPU expense increases quadrat-
ically with the number of search directions in the Krylov subspace.
To overcome this problem, GMRES is terminated when the size
of the Krylov subspace is equal to m ¿ N , where N is the num-
ber of unknowns. GMRES is then restarted using the most recent
solution as the initial guess. This is known as restarted GMRES,
denoted GMRES.m/. Although GMRES.m/ can have inferior con-
vergence properties, it is generally essential to use a � nite value of
m to keep the memory requirements reasonable.Tradeoffs between
convergence rates and memory requirements have to be taken into
account when determining the maximum size of the Krylov sub-
space. After testing different values of m, we found that, for our
applications, limiting its value to 20 does not signi� cantly degrade
the convergence rate.

GMRES requiresonly matrix-vectorproducts.Because these can
be approximated using � nite differences,19 the algorithm can be
implemented without forming the Jacobian matrix explicitly. The
productof the Jacobianmatrixanda vectorº canbeapproximatedby

A.Qk /º ’
F.Qk C "º/ ¡ F .Qk /

"
.4/

The performance of this technique is sensitive to ". Following
Nielsen et al.,10 we determine " using the expression

"kºk2 ’
p

"m .5/

where "m is the value of machine zero for the computer used. This
matrix-free approach is very appealing considering the savings in
storage that are made compared to the standard implementation. It
was shown in Ref. 20 that it can be advantageous from the perfor-
mance point of view as well.

Incomplete Lower–Upper Preconditioner
Incompletelower–upper (ILU) factorizationscan be ef� cientpre-

conditioners for Krylov solvers. In an incomplete factorization,we
approximate the matrix A by a matrix M such that

A D M ¡ E D LU ¡ E .6/

where L is a lower-triangularmatrix, U is an upper-triangularma-
trix, and E is an error matrix. The factors are computed using a
Gaussian elimination process applied to the matrix A or to some
reasonable approximation of it.

The factorization may be more or less accurate, depending on
how many new nonzero entries we retain in the factorization com-
pared to the original matrix. The cost of forming the preconditioner
and storage goes up when we allow more � ll-in in L and U ; on the
other hand, increases in robustnessand ef� ciency often justify more
accurate factorizations,particularlywhen the preconditioneris used

in solving several systems, because the cost of forming the precon-
ditioner is amortized. There have been two distinct approaches to
forming such incomplete factorizations: level of � ll-in and thresh-
old strategies.The � rst approach,ILU(p), uses only the graphof the
matrix to determine which entries to drop. In contrast, ILU thresh-
old [ILUT(P; ¿ )], developedby Saad,21 uses two rules to determine
which elements should be dropped at a given row. The � rst rule
consists of dropping any element smaller than a relative tolerance
determined by ¿ and a norm of the original matrix. The maximum
number of nonzeros in a given row is controlled by the second pa-
rameter P .

The matrices arising from the linearizationof the Navier–Stokes
equations present a block structure, with blocks of size 4 £ 4. That
is why block versions of ILU(p) are quite popular in this type of
application. In cases where a low level of � ll-in is used, i.e., p · 1,
the iterativesolvermay fail with the scalarversionandconvergewith
the blockversion.An alternativeapproachis to use the scalarversion
but treat the zeroswithin the 4£4 blocks as if they were nonzeros,in
other words, allowing � ll-in in those positions.We call this strategy
block-� ll ILU(p) [BFILU(p)]. Becauseof the storageformatthatwe
use, namely, compressedsparse row (CSR),22 we � nd theBFILU(p)
approachmore convenient than block ILU(p). ILUT(P; ¿ ) does not
have an equivalent BFILUT because it already considers all of the
possible nonzeros in a row and keeps the larger ones.

One might expect that a preconditioner based on the exact Ja-
cobian matrix would be more effective than one based on an ap-
proximate Jacobian. However, this assumption is not valid. In the
case of nonsymmetricnondiagonallydominant matrices such as the
ones arising in our applications,the incomplete factors can be more
ill conditioned than the original matrix23 and the long recurrences
associatedwith backward and forward solves may be unstable.24;25

Because diagonal dominance tends to alleviate this problem,26 we
can bene� t by using an approximate Jacobian matrix with reduced
off-diagonaldominance.

The off-diagonal dominance of the Jacobian matrix can be re-
ducedby usingonly second-differencedissipationin forming it. The
coef� cient of the second-differencedissipationin the matrix is com-
puted as a linear combination of the second- and fourth-difference
arti� cial dissipation coef� cients on the right-hand side, "r

2 and "r
4 ,

respectively,as follows:

"l
2 D "r

2 C ¾ "r
4 .7/

where¾ is a constantleft as a free parameter.This approximationhas
the additionalbene� t that the storageof this modi� ed matrix, which
has � ve blocks per node, is signi� cantly smaller than the storage
required by the exact Jacobian matrix, which has nine blocks per
node. Note that these approximations are made only in the matrix
used to form the preconditioner.They do not affect the functional;
thus the converged solution is not affected.

Ordering of Unknowns
The ordering of the unknowns of the linear system plays an

important role in the convergence of the preconditioned iterative
solver.4 ;27 The natural ordering of the nodes on a C grid does not
lead to a fully banded matrix because of coupling between cells
on either side of the wake cut arising from the grid topology. In a
complete factorization, these off-diagonal elements create a great
number of nonzeros in the L and U factors, which may not be re-
tainedin an incompletefactorization,reducingthe qualityof thepre-
conditioner.To overcome this problem, we have studied reordering
strategies that are applied before computing the factorization. Be-
sides the natural ordering (NAT), we consider an ordering based on
numbering the nodes across the wake cut and the airfoil, designated
doublebandwidth(DB). We have eliminatedthenonzerosoutsideof
the main diagonals, but the bandwidth is now twice as large, which
can adversely affect the quality of the factorization.To obtain more
consistent performance, we test two of the reordering algorithms
typically used for unstructured grids. The reverse Cuthill–McKee
(RCM) strategy28 is a well-known bandwidth reduction algorithm.
The minimumneighboring(MN)algorithm29 is a modi� cationof the
minimum-degree reordering of George and Liu.30 It was designed
to minimize the � ll-in produced in a factorization.
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Table 1 Parameters for the seven � ows studieda

Case Airfoil Ma ® Re tr. up tr. low

1 NACAb 0.63 2.00 invisc —— ——
2 NACA 0.80 1.25 invisc —— ——
3 NACA 0.80 5.00 5:00e2 —— ——
4 NACA 0.30 0.00 2:88e6 0:43c 0:43c
5 NACA 0.30 6.00 2:88e6 0:05c 0:80c
6 NACA 0.70 1.49 9:00e6 0:05c 0:05c
7 RAEc 0.729 2.31 6:50e6 0:03c 0:03c

atr. up, transition point on the upper surface; tr. low, transition point on the lower sur-
face. bNACA 0012 airfoil. cRAE 2822 airfoil.

Startup
A well-known dif� culty of Newton’s method is that the early

iterations may diverge if the initial solution is far from the � nal
solution, especially for � ows with shocks. There are several tech-
niques that can be used to overcome this problem. Damping the
Newton updates,31 using a � nite time step,32 and using an approx-
imate Newton method for the � rst one or two orders of magnitude
reduction in the outer residual are some of the options. In our expe-
rience, using an approximate Newton strategy is the most ef� cient
of the three.20 However, it is possible to employ a cheaper relax-
ation algorithm.10 In PROBE, the approximatelyfactoredalgorithm
of ARC2D16 in diagonal form is used with two levels of mesh se-
quencing.We do 150 iterations or reduce the residual two orders of
magnitude,whichevercomes � rst, on a coarse grid, followed by � ve
iterationson the � ne grid. This strategy reduces the CPU time of the
startup by a factor of two to three compared with the approximate
Newton strategy.

Test Cases
Six test cases are studied using the NACA 0012 airfoil and one

using the RAE 2822 supercriticalairfoil.Two are inviscid� ows, one
is laminar, and four are turbulent. The parameters de� ning the test
cases are given in Table 1. The initial condition is always freestream
� ow.

For the inviscid cases, the grid has 249 £ 39 nodes with the wall
spacing set to 2 £ 10¡3 chords. For the laminar case, the grid has
249 £ 49 nodes and a wall spacing of 5 £ 10¡4 chords. A 331 £ 51
grid with the wall spacing set to 1 £ 10¡5 chords is used for the
NACA 0012 turbulent cases. For the RAE airfoil case, the grid
has 321 £ 49 nodes with similar wall spacing. In some tests, which
include comparisonswith multigrid, the number of nodes may vary
slightly to be able to obtain coarser grids by removing every other
point in the � ner grid. These grids provide reasonable numerical
accuracy for the � ows considered. Maximum cell aspect ratios for
these grids range between 8:7 £ 102 and 1:16 £ 105.

Algorithm Optimization
Approximate Matrix Inversion

The convergence of the inexact Newton method depends on the
values of ´k . As shown by Dembo et al.,33 certain choices of ´k

lead to superlinear or quadratic convergence in terms of iterations.
However, these strategies are not necessarily the most ef� cient in
terms of CPU time because they tend to impose a tight tolerance
in solving the linear system. During the � rst few Newton itera-
tions after the startup phase, the solution is still relatively far from
the converged solution, and thus the linear approximation made by
Newton’s method can be very inaccurate.Solving the linear system
of equations very accurately does not, in general, equally reduce
the residual of the nonlinear system of equations, which causes a
waste of CPU time. This is known as oversolving.34 To illustrate this
point, several levels of reduction of the residual of the linear prob-
lem arising at each quasi-Newtonstep have been tested.The conver-
gence histories for six values are shown in Fig. 1. BFILU(2) based
on an approximate Jacobian matrix is used as a preconditioner for
GMRES. Strict inner tolerances reduce the number of outer itera-
tions, leadingto superlinearor quadraticconvergence,but there is an
increasednumber of inner iterations due to oversolving.The results
indicate that, although is desirable to achieve rapid convergence in
terms of outer iterations, it is more important to avoid oversolving.

Fig. 1 Convergence history for different levels of reduction of the inner
residual using matrix-free Newton GMRES. Each symbol represents
one outer iteration.

Fig. 2 CPU cost of forming the BFILU( p) factorization and effective-
ness in reducing the inner residual by two orders of magnitude.

Eisenstat and Walker34 proposed some sequences of inner toler-
ances controlled by safeguards, which prevent ´k from becoming
too small too quickly.However, for our applications,we have found
the following approach to give slightly better ef� ciency. We use
´k D 0:5 for the � rst 10 outer iterations; we then use ´k D 0:1 for
the remaining outer iterations. We limit the number of GMRES it-
erations to 40 as a safeguard. This approach, which guarantees no
oversolving for most problems, results in linear convergence, but
savings in not having to compute ´k and better behavior regarding
oversolving make it more ef� cient in terms of CPU time than the
other approaches.Note that undersolvingat each Newton step is not
particularly wasteful, whereas oversolving should be avoided.

Preconditioning Strategies
Two main issues are considered in this section. 1) Which of the

two factorizations,i.e., BFILU or ILUT, is more ef� cient, and what
is the optimal levelof � ll? 2)Can the � rst-orderJacobian A1 produce
a better preconditioner than the exact Jacobian A2, and what is the
optimum value of ¾ for the � rst-order Jacobian?

The level of � ll p allowed in the factorization should be chosen
based on storage considerations, the cost of forming the precondi-
tioner, and its effectivenessin reducing the cost of solving the linear
system. Figure 2 shows the CPU time required by preconditioned
GMRES to reduce the inner residual by two orders of magnitude
with different levels of � ll for a representative linear system. The
approximate Jacobian A1, which requires roughly half of the stor-
age of A2 , was used to form the preconditioner.Allowing some � ll
greatly improves the performance of the solver at a very reason-
able memory cost. If the CPU time to form the preconditioner is
included, p D 2 is the most ef� cient level of � ll. It requires 1.73
times more memory than p D 0. Therefore, using p D 2 seems an
optimumchoicebecauseit gives the bestperformancewith a storage
that is still below that of the exact Jacobian matrix.
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Table 2 Relative time to converge for two ILU
preconditioners, using RCM and MN reorderings

ILU(2) ILUT(15, 0.1)

Case RCM MN RCM MN

1 1 1 1.21 1.09
2 1 1.07 1.32 1.52
3 1 1.72 DNCa 1.54
4 1 1.20 DNC 1.25
5 1.07 1 1.64 1.35
6 1.07 1 DNC 1.16
7 1 1.18 DNC DNC

aCase did not converge with the given parameters.

Table 3 Frobenius norm of the error matrix
and of the preconditioned error matrix for
the � rst and second-order preconditioners

Preconditioner kEkF =kA2kF kE M¡1
i kF =kIkF

M1 0.4870 4.6003
M2 0.2576 6676.4449

Fig. 3 Convergence histories for case 1 in a grid of 143 £ 20 nodes,
using three preconditioners: BFILU(0) formed from the � rst-order Ja-
cobian A1 , BFILU(0) using the exact Jacobian A2 , and BFILU(2) from
the � rst-order Jacobian.

After testing many combinations, we have also shown that good
choices of the parameters P and ¿ of ILUT are 15 and 0.1,
respectively.35 This produces an ef� cient preconditioner, whereas
the numberof nonzerosis similar to thatof BFILU(2). Table2 shows
the performance of BFILU(2) and ILUT(15, 0.1) for the seven test
cases. Two different reorderings are shown, RCM and MN. These
are further discussed subsequently. Table 2 shows that, for this ap-
plication,BFILU(2) is superior to ILUT(15, 0.1) for both orderings.

Figure 3 shows the convergence histories obtained with three
different preconditioners for case 1 on a coarse grid (143 £ 20):
BFILU(0) formed from the � rst-order and exact Jacobians and
BFILU(2) formed from the � rst-order Jacobian. Note that the num-
ber of nonzeros given by BFILU(2) using A1 is about the same as
the number of nonzeros given by BFILU(0) using A2 . BFILU(2)
applied to A2 requires excessive storage and is not consideredhere.

The results in Fig. 3 show that the preconditionersbuilt from A1

are more ef� cient than the one built from the exact Jacobian. After
preconditioning,Eq. (6) becomes

AM¡1 D I ¡ E M¡1 .8/

Because we are solving the preconditioned system, the matrix E
is not as important as the preconditioned error matrix E M¡1. As
Saad26 points out, when A is not diagonallydominant, L¡1 and U ¡1

may have very large norms, causing E M¡1 D EU ¡1 L¡1 to be very
large and, thus, adding large perturbations to the identity matrix.
In that case, the eigenvalues of AM¡1 will not be nicely clustered
around unity, and the iterative solver will show slower convergence.

In Table 3, the Frobenius norms of the error matrices are pre-
sented for BFILU(0). The results con� rm that M1 , formed from A1,

Fig. 4 Total number of GMRES iterations required to converge to
machine zero, for different values of ¾ for the seven cases.

Fig. 5 Convergence history for case 2, freezing the preconditioner and
updating the preconditioner at each Newton iteration.

producesan error matrix E that has a bigger norm than the one from
M2 , formed from A2, but the norm of its preconditionederror ma-
trix is much smaller than the one from M2 . The matrix A1 is more
diagonallydominant than A2 becausewe are adding a large amount
of second-differencedissipationwith stencil (1; ¡2; 1), whereas A2

has fourth-differencedissipation with stencil (¡1; 4; ¡6; 4; ¡1).
The parameter ¾ in Eq. (7) controls the amount of second-

difference dissipation added to A1. As we increase its value, the
matrix is less nondiagonallydominant and more symmetric, which
will bene� t the factorization.On the other hand, the matrix will be
a less accurate representationof A. Figure 4 shows the total number
of GMRES iterations required to converge to machine zero for the
seven cases, as we vary the value of ¾ . As expected, there is an
optimum value; for all cases,with the exceptionof case 4, it is equal
to 5. For larger values, the number of GMRES iterations increases
gradually,and for smaller values, it increasessharply. In most cases,
the code does not converge for ¾ · 3.

Consideration has been given to computing the preconditioner
once, at the � rst Newton iteration, and then freezing it. To see how
this strategy affects the performance of the solver, we have run a
case that has strong initial nonlinearities, case 2, with and without
updating the preconditioner.Our experimentsshow that the number
of GMRES iterations at each Newton iteration does not increase
when we freeze the preconditioner.There is no bene� t from updat-
ing the preconditioner at each Newton iteration. As a result, there
are substantial CPU savings when the preconditioner is frozen, as
shown in Fig. 5. This is related to our startup procedure in which
an approximately factored algorithm is used to eliminate the most
signi� cant transients before initiating the inexact Newton process.
Apparently, subsequent changes in the � ow� eld do not degrade the
effectivenessof the preconditioner.

Ordering of Unknowns
The four orderings described, NAT, DB, RCM, and MN, have

been tested for the seven cases. In Fig. 6 we show results for case 7
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Fig. 6 Convergence history for NAT, DB ordering, RCM, and MN for
case 7, using BFILU(2) as preconditioner.

Fig. 7 Residual history for PROBE for the seven cases described in
Table 1.

Fig. 8 Cases 1–4: convergence history for the inexact Newton–Krylov method (PROBE), the approximately factored method (ARC2D), the approx-
imately factored method with three-level multigrid (ARC2D-MG), and the approximate Newton method (approx. Newton).

using BFILU(2) as preconditioner.DB is more ef� cient than NAT.
The bene� ts of applying reordering techniques such as RCM and
MN areclearlyshown.The performanceofMN is virtuallyindepen-
dent of the initial ordering,NAT or DB. In contrast, the performance
of RCM depends greatly on the initial ordering, with DB preferred.
Table 2 shows that, with BFILU(2), faster convergence is achieved
with RCM for cases 1, 4, and 7, whereas for cases 5 and 6, MN
is faster. Although further study with a wider range of cases is re-
quired,we concentrateon RCM for the remainderof the paper.With
ILUT(15, 0.1), MN is clearly superior to RCM; however, we do not
consider this approach further, as it is slower than the combination
of RCM and BFILU(2) for all seven cases.

Optimized Algorithm
The following are the main strategies and parameters of

PROBE: 1) inexactNewton strategy;2) matrix-freeGMRES(20); 3)
BFILU(2) preconditioner based on the � rst-order Jacobian formed
using ¾ D 5; 4) RCM reordering;5) preconditionercomputedat � rst
iteration and not updated; 6) inner tolerance (´k ) set to 0.5 for the
� rst 10 outer iterations, 0.1 for the remainder; as a safeguard, inner
iterations are limited to 40; and 7) approximate factorization algo-
rithm used for 150 iterations or to reduce the residual two orders of
magnitude, whichever comes � rst, on a coarse grid, followed by 5
iterations on the � ne grid.

Convergence Results
The convergencehistories for the seven cases are shown in Fig. 7

as a function of the CPU time normalized by the CPU time required
for one function evaluation (FE). Reduction of the residual by 12
ordersof magnitudeis achievedin 500–1000FEs for all of the cases.
Table 4 shows some statistics for PROBE, including the number of
inner and outer iterationsrequired to reduce the residualnorm by 12
orders of magnitude. The outer iterations include only those done
using the Newton–Krylov solver and not those of the approximately
factored algorithm. CPU/FE gives the total run time normalized by
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Table 4 Statistics for the Newton–Krylov algorithm
for the cases studied

Case O-ita 6i-itb I-it/o-itc CPU/FEd CPU, min/s

1 18 157 8.7 615.5 1/53.9
2 18 190 10.6 743.8 2/17.6
3 18 129 7.2 490.7 2/27.2
4 17 324 19.1 910.1 8/06.0
5 19 370 19.5 990.8 8/49.1
6 18 227 12.6 642.9 5/43.3
7 22 354 16.1 953.5 7/47.2

aOuter iterations.
bTotal number of inner iterations.
cAverage number of inner iterations per outer iteration.
dCPU time in FE calls to reduce the residual by 12 orders of magnitude.

the CPU time of an FE. The total time in minutes and seconds is
also provided.

Comparison with Other Solvers
In this section, we compare our inexact Newton–Krylov strategy

with three other implicit solvers, which are brie� y described as
follows.

Approximate Factorization (ARC2D)
The approximate factorization algorithm in diagonal form, as

used in ARC2D, is explained in detail in Ref. 16. In ARC2D, the
wake cut can be treated implicitly or explicitly. In this paper we
consider only the explicit treatment of the wake cut, which is faster
for our test cases.

Approximate Factorization with Multigrid
Other authors have already shown that multigrid can substan-

tially increase the convergencerate of the approximatefactorization
algorithm.1;36 For our study,we usea three-levelsawtoothcyclewith
four iterationsof the approximatelyfactoredalgorithmat each level
in the cycle.This approachproducesoptimum convergencein terms
of CPU time.36

Approximate Newton
Some of the most popular approximate Newton methods use a

� rst-order Jacobian on the left-hand side. One of the original rea-
sons is that this matrix requires less storage than the exact Jacobian.
Another reason for using a � rst-order Jacobian is that it is better
conditioned than the exact Jacobian; hence, the inner iterations can
converge faster. The penalty is an increased number of outer itera-
tions. Approximate Newton solvers that use a � rst-order Jacobian
are typicallypreconditionedwith a block ILU(0) factorization.Here
we use BFILU(0), which is extremely similar. With this precondi-
tioner, the solver requiresapproximatelythe same amountof storage
as PROBE. An ef� cientstrategythathelps to reduce the overallCPU
time without harming the convergence rate consists of freezing the
left-hand side after the � rst 10 iterations.The preconditioner is up-
dated only three times during the � rst 10 iterations, and then it is
also frozen.

Performance Comparison
The residual convergencehistoriesof PROBE are comparedwith

those of the other three solvers in Figs. 8 and 9. The approximate
Newton solver is robust and considerablyfaster than ARC2D for all
casesbut one, but it is muchslower than PROBE, while requiringthe
same amount of storage. In general, PROBE is signi� cantly faster
than the multigrid solver. The difference is particularly striking in
cases 3 and 4. For case 5, PROBE does not converge beyond 10¡9

on this particulargrid.This is due to the turbulencemodel. When we
freeze the eddy viscosity, convergence to machine zero is achieved
in a similar number of function evaluations as in the other cases.

Because we measure the CPU time in terms of FEs, it is useful to
de� ne the convergencerate as the reduction in the residual obtained
in the CPU time required for one FE. This provides a convergence
rate based on CPU time rather than iterations or multigrid cycles.
With this de� nition, PROBE produces an average convergence rate

Fig. 9 Cases 5–7: convergence history for the inexact Newton–Krylov
method(PROBE), theapproximatelyfactored method(ARC2D), theap-
proximately factored method with three-level multigrid (ARC2D-MG),
and the approximate Newton method (approx. Newton).

of between 0.945 and 0.972, based on the data in Table 4. For com-
parison, a multigrid method with a convergence rate of 0.75 per
multigrid cycle and a cost per multigrid cycle equal to that of � ve
FEs produces a convergence rate per FE of 0:751=5 D 0:944. Given
the dif� culty of achieving a convergence rate of 0.75 per multigrid
cycle for turbulent computations, it is clear that the performanceof
PROBE is excellent.

Conclusions
We havepresented,justi� ed, and optimizedthe basic components

of PROBE, a Newton–Krylov solver for aerodynamic � ows. The
main conclusions can be summarized as follows:
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1) Oversolving is avoided and optimum performance is obtained
by setting the inner tolerance to 0.5 for the � rst 10 iterations and
to 0.1 for the remainder, once the transients are less severe. As a
safeguard, the total number of GMRES iterations at each Newton
iteration is limited to 40.

2) For the same storage requirements, the BFILU(p) is a more
ef� cient preconditioner than ILUT(P; ¿ ). The best performance/
memory ratio was obtained for BFILU(2).

3) It is possible to producebetter-conditionedfactorizationswith
a well-chosen approximate Jacobian matrix than with the exact
Jacobian matrix.

4) A parameter was used in the approximation of the Jacobian
matrix. It controls the amount of arti� cial dissipation in the matrix.
It shows an optimum value that signi� cantly improves the ef� ciency
of the preconditioner.

5) The use of a � xed preconditioner does not adversely affect
convergence of the inner iterations. Therefore, the factorization is
computed only once, which reduces the CPU cost substantially.

6) RCM reordering applied to the DB ordering produces the
fastest convergence of the four ordering strategies that have been
studied.

For a range of � ows, the CPU time required for a residual reduc-
tion of 12 orders of magnitude is equivalent to the cost of 500–1000
FEs. This corresponds to a convergence rate per FE between 0.945
and 0.972. We have demonstrated that our inexact Newton–Krylov
algorithm converges faster and more reliably than an approximate
Newton algorithm and an approximately factored multigrid algo-
rithm.
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méthode des éléments � nis, des équations de Navier–Stokes pour un � uide
compressible,” Ph.D. Thesis, Dept. of Applied Mathematics, Univ. Pierre et
Marie Curie, Paris, France, Nov. 1990.

6Johan, Z., Hughes, T. J. R., and Shakib, F., “A Globally Convergent
Matrix-Free Algorithm for Implicit Time-Marching Schemes Arising in Fi-
nite Element Analysis in Fluids,” Computational Methods in Applied Me-
chanical Engineering, Vol. 87, 1991, pp. 281–304.

7Degrez, G., and Issman, E., “Acceleration of Compressible Flow Solvers
by Krylov Subspace Methods,” Lecture Notes, von Kármán Inst. for Fluid
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